Sound speed inversions made using simulated time of flight data from a numerical limb-mimicking phantom comprised of soft tissue and a bone inclusion demonstrate that wave front tracking forward modeling combined with 1 regularization could lead to accurate estimates of bone sound-speed. Ultrasonic tomographic imaging of limbs has the potential to impact prosthetic socket fitting, as well as detect and track muscular dystrophy diseases, osteoporosis and bone fractures at low cost and without radiation exposure. Research in ultrasound tomography of bones has increased in the last 10 years, however, methods delivering clinically useful sound-speed inversions are lacking. Inversions for the sound-speed of the numerical phantoms using 1 and 2 regularizations are compared using wave front forward models. The simulations are based on a custom-made cylindrically-scanning tomographic medical ultrasound system (0.5 -5 MHz) consisting of two acoustic transducers capable of collecting pulse echo and travel time measurements over the entire 360° aperture.
INTRODUCTION
The majority of existing ultrasound imaging algorithms and systems are designed for applications involving soft tissues such as imaging for pre-natal health, cardiac imaging, detection of breast cancer and therapeutic uses. Clinical ultrasound systems for 3-D imaging and quantification of hard tissues such as bone in vivo are currently non-existent. Applications for an ultrasound system capable of imaging and quantifying bone properties range from improving prosthetic fitting to osteoporosis monitoring and detection to bone fracture detection. Recently, the authors developed a cylindrically scanning ultrasound tomography system for the purposes of creating clinically useful pulse-echo and sound-speed inversion images of bone and surrounding soft tissue. 1 This paper describes initial work on the algorithm development using data from wave equation simulations that broadly mimic the geometry, transducer positioning capabilities of the scanner as well as the signal to noise ratio (SNR) of the data acquisition electronics.
The majority of ultrasound tomography research over the last twenty years has focused on the detection of breast cancer. [2] [3] [4] [5] [6] A number of studies have shown the promise of ultrasound tomography methods for imaging and quantifying bone properties, however, these studies have not lead to clinical testing of a system for imaging and quantifying bone and surrounding soft tissue properties. [7] [8] [9] There is also a significant body of literature using ultrasound to derive the material properties of bone using single or a handful of transmit receive pairs. [10] [11] [12] These studies have focused on using single parameters like travel time, frequency dependent attenuation and backscatter coefficients to deduce the properties of the bone under test, rather than generating images of some or all of these properties.
human bones have sound-speed and density values that are approximately double that of the surrounding tissue and attenuation that can be an order of magnitude greater than soft tissue. Furthermore, the ability of bone to support shear waves has the potential to introduce artifacts into pulse-echo images of bone if not properly accounted for. The large changes in sound-speed and density leads to strong reflections that can shadow other anatomical regions of interest in pulse echo imaging as well as significantly alter the arrival of reflected signals due to the difference in sound-speed between bone and soft tissue. In terms of travel time measurements and inversions, the presence of bone significantly degrades the SNR of the first arrival due to strong attenuation in the bone and reflections at the bone interfaces. The large sound-speed changes at the bone interface also create strong refractions which must be taken into account. The shear waves generated in bone can result in multiple arrivals in the pulse-echo data that are not be accounted for in conventional soft tissue pulse-echo imaging algorithms.
Studies using ultrasound to image and quantify bone have relied on inversion schemes that often left out in some capacity, refraction, shear waves a priori information, or a test object surrounded by soft tissue. [7] [8] [9] 13 Much of the propagation physics were originally left out from inversions due to the lack of computational power available at the time of these studies. The most recent studies suggest improvements in ultrasound imaging and quantification of bone material properties can be made through improved modeling of the propagation physics and constraining inversions with a priori information. 8 In this numerical study a simple numerical phantom of a bone surrounded by fat and muscle is used to generate a synthetic data set, although shear waves are not simulated. The simulated data set is used to explore the potential for travel time ultrasound tomography techniques to invert for bone and surrounding soft tissue sound-speed. Three travel time tomography inversion schemes are implemented, one with 1 regularization, one with 2 regularization and a third which inverts for whole sections of the domain rather than individual pixels. All three inversion schemes include a priori information from pulse echo images.
METHODS
The synthetic data set generated for this paper is based on a custom-made dual-transducer cylindricallyscanning immersion ultrasonic tomographic scanner ( Fig. 1 ). Both transducers can independently travel over the entire 360° aperture and translate ~7cm vertically allowing for multiple 2-D slice images of a target to be captured. The two transducer setup also enables rapid development of scanning procedures and testing of transducers with varying beam properties and frequency. Further details describing the system can be found in Zhang et al 1 . The synthetic data set is processed as if it were acquired with the physical system. The processing pipeline from raw data to a sound-speed map can be separated into four steps that will be covered in more detail below.
1. Creation of data set via acoustic wave equation simulations. 2. Picking of travel times from the simulated data set. 3. Construction of pulse-echo images and segmentation of the images to generate an initial guess for the sound-speed map. 4. Estimation of the sound-speed map using a ray based travel time inversion for sound-speed.
Simulation
The K-wave ultrasound simulation package is used to generate the synthetic data set using a simple 2-D numerical phantom of a human long bone ( Fig. 2 ) that loosely resembles a femur. 14 The simulations include velocity and density variations as well as attenuation. Elastic waves within the bone region are not simulated. The simulation domain is 0.2165 m x 0.2165 m using a 512 x 512 grid. The source is a point source that is appropriately spatially smoothed to avoid aliasing with a central frequency of 1.0 MHz and 1.0 MHz bandwidth. The receivers are defined as point receivers. In practice the scanner system employs a cylindrically focused source and the receivers have ~90° beam width. The sound-speed, density and attenuation values used for fat water muscle, bone and marrow are taken from the literature 15, 16 and are shown in table 1. It should be noted the attenuation value of human skull bone is used for the bone region since it is an upper bound on bone attenuation. Figure 2 : Sound-speed map for the simple numerical phantom of a human long bone used for the simulations. The ambient medium is water (gray) and the phantom has fat (light gray), muscle (dark gray), bone (black) and marrow (light gray inside bone). Three scan types are used to generate the synthetic data set, a tomographic scan, a pulse echo scan and a synthetic aperture pulse-echo scan. For this paper a single tomographic scan, Fig. 3a , consists of 360 transmissions (k-wave simulations) to 300 receiver positions with 1.2° sepperation located on the opposite side of the tank from the transmitter. A pulse echo scan, Fig. 3b , consists of 1533 transmissions (k-wave simulations) separated by 0.235°. A point receiver is also placed at the source position such that pulse echo data is captured for each transmission. A b. c. Figure 3 : Scan patterns to acquire data for travel time, migration and RTM algorithms. The black dots are receivers and the white triangles are transmitters. a.) Scan pattern for the travel time data acquisition. The transmitter and receivers move along the dashed line and an acquisition is taken at 1° increments. b.) Migration scan pattern. The transmitter and receiver travel along the dashed line together transmitting at 0.235° increments along the 360° aperture. c.) RTM scan pattern. The receivers and source travel along the dashed line and an acquisition is taken at 45° degree increments.
Travel time picking
The travel times are picked using the Akaike Information Criterion (AIC) and a matched filter to find the peak of the first arrival. The AIC is a quantitative criterion for picking a model that describes a process that will minimize the information loss by choosing a particular model for the process. 17 The AIC was originally adapted for travel time picking in seismology, however, some researchers have successfully applied the method to ultrasound tomography. 17 The AIC value is calculated using equations 1 and 2 from Li et al 17 . The minimum in the AIC value indicates the arrival of a signal. 17 Once the arrival of the signal is estimated a 2.0 * window for the matched filter is defined starting at the first arrival point, where is an empirical SNR dependent multiplicative factor. The value of is typically ~2 for arrivals that travel through soft tissue or water and ~1 for arrivals that travel through bone.
A half period 500 kHz sine wave multiplied by a Hanning window is convolved with the window of data to remove noise and find the peak of the first arrival. The frequency of the matched filter is chosen to match the expected frequency content of the first arrival. The first arrival through bone is expected to predominantly contain the lowest transmitted frequency due to dispersion and smaller impact of attenuation at lower frequencies. It has been shown that the low frequency data arrives first in laboratory experiments. 8 Since the picks are done on simulated data, random noise is added to all the signals such that the SNR is equivalent to the SNR measured during initial testing of the physical scanner system.
Pulse-echo image reconstruction
Pulse echo images are generated using a migration algorithm on the pulse echo data. 18 The migration routine assumes that all scatterers in the medium are point scatterers, the medium has a constant sound-speed (1480 m/s for this paper), and that scatterers do not shadow each other. In practice, none of the assumptions will hold true and are not true for the numerical phantom presented here, particularly because of the bone inclusion. The migration algorithm is used, however, because the stated assumptions are similar to those made in conventional ultrasound systems which have successfully imaged the interior of the human body for decades. Therefore, it is expected the migration algorithm will capture the geometry of soft tissue areas and the outer geometry of the bone surface with sufficient accuracy.
The pulse echo images from the migration are segmented by hand to define sound-speed boundaries within the domain which in-turn define regions. These regions are assumed to be associated with either water, fat, muscle or bone. Values for sound-speeds published in the literature 15, 16 are assigned to the regions defined by the segmentation to create an initial guess for the sound-speed map.
The initial guess sound-speed map is first used in a reverse time migration 19, 20 (RTM) to find the inner boundary of the bone. In order to run the RTM the synthetic aperture pulse-echo scan data is used. The RTM method is used to find the inner boundary of the bone because the RTM includes variations in sound-speed, reflections and refractions that characterize ultrasonic propagation through bone to create an image. Therefor it is expected the RTM method will provide the superior results compared to a migration based method. The forward solves needed to run the RTM are carried out using k-wave. Once the RTM image is generated it is segmented for the bone inner boundary and the bone region of the initial guess sound-speed map is updated based on this segmentation.
Ray based travel time inversion for sound-speed
The inversion for sound-speed values is done by solving the equation
where is the travel time data generated by the travel time picker, is a matrix describing the path of the received signal through the domain and is the slowness (1/sound-speed) distribution within the domain. Rays connecting each receiver to each source must be calculated to create . The rays are calculated by solving the eikonal equation via a wave front tracking program 21, 22 and wavefronts are converted to rays after each simulation by following the normal to the first arrival wavefront from each receiver back to the source.
The system in (1) is generally over determined, unstable with a non-unique solution. Resolving this requires the addition of a regularization term to find a solution. Equation (1) is thus replaced with the following cost function, which is minimized with respect to using the gradient descent method.
The 2 norm is utilized for the first term (the fidelity term) and a 1 norm is used over the gradient term. The 1 norm over the gradient term implies an assumption that the underlying sound-speed map is piecewise constant which allows for large discontinuities in the inverted sound-speed map. The more classic Tikhonov ( 2 ) regularization implies an assumption that the sound-speed map is smooth. This conflicts with the large gradient at the soft tissue -bone interface producing large errors in the bone sound speed reconstruction, as can be seen in the experimental results. In practice, a more robust version of the 1 norm as described by Bar et al 23 is used to find a solution to equation (2) .
A second related method of inversion is also developed where entire regions or blocks of the domain are inverted for as a single parameters in the inversion model. The pulse-echo segmentations described above define the regions. Such a block wise inversion can be thought of as a "perfect" 1 regularization because the formulation forces the solution be made up of many piece-wise constant regions. The inversion is done by condensing the matrix into a matrix called defined as
where is the number of pixels within the ℎ block in the domain, is the number of travel time measurements, is the number of blocks the domain is split into and ′ is a 3-D matrix that in each third dimension contains only the parts of that describe travel paths through the ℎ block of the domain. In practice ′ does not need to be calculated but is included here to formally describe . The cost function ( ) for the block-wise inversion is given by
and is minimized via a gradient descent algorithm.
The inversion scheme is iterative for all three methods and is started using the initial sound-speed map generated from the pulse echo data. During each iteration the eikonal equation is solved and ( ) is minimized, the resulting from the previous iteration is then fed into the next one. The inversion is run until the residual between the model and the data (the travel times) no longer changes. Since the inversion is being done on simulated data, Gaussian noise with +/-7.5 standard deviation and zero mean is added to the source and receiver positions to account for their position uncertainties in laboratory measurements.
RESULTS

Pulse-echo imaging and segmentation
The image in Fig. 4a generated from the migration routine captures the fat-water, fat-muscle, muscle-bone and bone-marrow interfaces as expected. There are some artifacts in the muscle region that are most likely due to the bone. The dark ring in the image is due to an artifact in the simulation data that occurs for a short time at the bi-static source/receiver position. Since the artifact does not affect the image of the phantom it was not removed. The segmentation is plotted over the true numerical phantom in Fig. 4b . The inner boundary of the bone is not accurately located; this is expected due to the large sound-speed difference between bone and soft tissue. An initial guess of the sound-speed map is created from this segmentation using reported sound-speed values from the literature and fed into the RTM algorithm. The RTM algorithm is run twice such that bone inner boundary location estimate is iteratively improved. The inner boundary of the bone is segmented from the first RTM image and used to update the initial velocity model. The RTM is run a second time on the updated velocity model and the resulting image (Fig. 5a ) is segmented. The final segmented contours of the phantom are plotted in Fig. 5b showing a better estimation of the bone inner boundary compared to Fig. 4b . Figure 6 : Initial guess sound-speed map for the travel time inversion. Overall the geometry of the initial guess is close the phantom geometry except for the inner boundary of the bone. The skin-water boundary is difficult to pick out but is present.
Sound-speed inversion
The sound-speed inversions show that sound-speed of the bone and soft tissue can be estimated from the synthetic data set using travel time tomography techniques. Inversions (Fig. 7) are done using 1 and 2 regularization as well as the block method. In the bone region the 1 based inversion shows a broad region of high sound-speed ( Fig.  7b ) compared to the 2 inversion (Fig.7d) . The 1 regularization also has a smaller error in the mean sound speed of the bone region (table 3) . Both regularizations estimate the water, fat and muscle sound-speeds with similar spatial resolution and error (tables 3 and 4). The estimates for marrow are not included because the direct arrival rays do not sample the marrow region of the domain.
The block based inversion (Fig. 7e ) has a spatial resolution equivalent to the pulse echo image (since the block regions are defined by the pulse-echo image) and errors in velocity for water, fat and muscle that are nearly equivalent to the 1 and 2 regularized inversions (table 5). In the bone region, the block based method has the smallest error among all the methods (table 5). In Fig. 7f a slice through one wall of the bone is shown for all three inversion methods; it can be seen that the 1 regularization significantly improves the resolution of the inversion compared to the 2 regularization.
Both the 1 and 2 based regularizations have significant artificial spatial variation in sound-speed values within the bone whereas the block based approach provides a single estimate of the bone sound-speed ( Fig. 7f ). All of the inversion methods result in bone regions that are narrower than the ground truth ( Fig. 7f ) which is likely due to the fact that the bone thickness is underestimated in the initial guess sound-speed map due to the difficulty in accurately locating the inner boundary of the bone. Zoom-in of the bone region. Note the how the bone region appears much thinner than the 1 regularized inversion. e.) The block based inversion. The black contour is the true location of bone inner boundary. The resolution is much higher compared to the 1 and 2 regularized inversions due to the dependence of the inversion on the pulse-echo data. f.) Cross-section of a single wall of the bone with all three inversions and the ground truth plotted. None of the inversion accurately estimate the bone thickness but the 1 and block based inversions provide the best estimates of the bone sound-speed. There are significant streaky artifacts emanating from the bone region in both the 1 and 2 regularized inversions that are not present in the block based inversion. The artifacts are almost certainly due to the way the rays "sample" the domain. Due to the high sound-speed of the bone, most of the direct arrivals travel through the bone region. As a result, a much larger number of rays pass through the bone region of the domain compared to the water or soft tissue areas (Fig. 8 ). It can also be seen that the artifacts in the 1 and 2 regularized inversions have the same structure as the sampling pattern in Fig. 8 . Figure 8 : Sampling of the domain by the first arrival rays. The darker colors indicate more rays traveled through a particular region. Clearly the bone region has more rays passing through it than any other region of the domain. This sampling pattern is most likely causing the artifacts in the 1 and 2 regularized inversions.
CONCLUSIONS
A synthetic data set collected on a simple numerical phantom of a human long bone is used to demonstrate the potential of imaging and quantifying bone and surrounding soft tissue geometry and material properties using ultrasound tomographic techniques. The synthetic data set mimics the performance of a recently constructed ultrasound scanner built by the authors and contains pulse-echo and one-way time of flight measurements. 1 Segmentations of the pulse echo images constructed from the synthetic data are used to create an a priori initial guess for the sound-speed inversions. Three inversion methods were tested, one with 1 regularization, one with 2 regularization and third method that inverts for the sound-speed of entire regions or blocks of the domain.
The 1 and block based inversions perform the best based on their superior accuracy and resolution compared to the 2 regularized inversion. The 2 regularized inversion over-smooth's the sound-speed map leading to large errors in the bone velocity estimates and geometry. Both the 1 and 2 based regularized inversions contain artifacts most likely due to the density of rays that pass through the bone region. The block based inversion does not contain these artifacts while simultaneously providing accurate, high-resolution results.
The inclusion of an initial guess sound-speed map enabled reasonable estimates of tissue sound-speed to be made in the presence of bone but can also bias the results. As seen in Fig.7a,c ,e and f the inner boundary of the bone is not accurately located. Further work on obtaining an improved first estimate of the bone inner boundary may significantly improve the results, especially for the block wise inversion.
The block inversion may not be suitable for many applications such as detection of breast cancer because it relies so heavily on the pulse-echo imagining. The danger in using an inversion method that relies on the segmentations from the pulse echo images is that certain structures could be missed or severely distorted leading to large errors in sound-speed estimates. It is unclear at this point if the block based methods will perform well when applied to data from a human subject or even a more realistic numerical phantom. The main advantages of the block based method are the high resolution and accuracy of the method without having to resort to a full waveform inversion. These advantages make it worth testing further, however, it is possible that full waveform inversion approaches will be the most appropriate tomographic technique for imaging and quantifying bone with ultrasound.
